Abstract. Let G be a connected semisimple Lie group with its maximal compact subgroup K being simply-connected. We show that the twisted equivariant KK-theory KK
Introduction
Let K be a connected, simply-connected compact Lie group, viewed as a K-space via the conjugation action. The equivariant cohomology group H In §2, an alternate natural isomorphism K G G ) ⋊ G). The sketch of the proofs of (3) and (4) are as follows. By §7 in [4] , one has K • (K ⋊ K) ∼ = K • (K ⋊ G) when dim(G/K) is even, which has to be slightly modified when dim(G/K) is odd. Next in §2 we use the Steinberg map on G to define an interesting open cover of G that is invariant under the adjoint action of G and so are their intersections. Moreover both the open sets and their intersections G-equivariantly retract to a conjugacy class of G. Then we can use the Mayer-Vietoris spectral sequence [15] (in the noncompact case) to prove (3) . (4) is proved analogously.
When G is semisimple, it is well known that K 0 (C * r G) is generated by discrete series representations of G and limits of discrete series representations of G in the equirank case cf. [1] . Inspired by the compact case (i.e. the FHT theorem [8] ), it suggests a conjecture that there is an isomorphism between KK G • (G/K, (G, τ G G )) and certain positive energy representations of LG that are induced from discrete series representations of G and their limits, in the equirank case. In the case when G is a complex semisimple Lie group, then there are no discrete series representations of G, but the K • (C * r G) is generated instead by the unitary principal-series representations of G [17] , so it suggests a conjecture that there is an isomorphism between KK
The noncompact Lie group case
It would be interesting to establish a version of the Freed-Hopkins-Teleman Theorem for noncompact Lie group G. Here we would like to achieve the modest goal of explicitly describing the equivariant twisted K-theory of G by relating it to that of the maximal compact subgroup K. From now on, we shall assume that G is a connected semisimple Lie group such that K is simply-connected.
The Cartan decomposition g = k ⊕ p induces the diffeomorphism
where exp(p) is contractible. Noting that [k, p] ⊆ p, we have that the map
witnesses a K-equivariant deformation retract from G onto K. Moreover, BK ≃ EG/K can be realized as a G/K-bundle over BG = EG/G, and G/K is contractible. Thus BK and BG are homotopy equivalent. It follows that the restriction maps H level 1 central extension of LK (see [20, §4] and its maximal compact subgroup Q. We can reprise the trick above and let H Q be the basic positive energy representation of LQ, which can be extended to a holomorphic representation of LG C and further restricted to LG.
induced by inclusion is an isomorphism as G deformation retracts onto K K-equivariantly. By the Green-Julg Theorem, the K-theory K *
is the C * -algebra of sections of τ G K vanishing at infinity, and α is the action map of K on Γ 0 (τ G K ). We will omit α from the notation if there is no confusion about the actions involved.
2.1. The Baum-Connes assembly map. The Baum-Connes map in our context is the map
which is defined as follows. It is defined as the composition of a couple of maps, the first of which is Kasparov's induction to the crossed product
Before defining the second map, since G/K is a proper G-space that is G-cocompact, there is a cutoff function c that satisfies 2.2. A spectral sequence argument. In this section we recall the Segal's spectral sequence argument used in [15] to compute the equivariant twisted K-theory of a simplyconnected simple compact Lie group K. Note that Segal's spectral sequence is best suited to computing the generalized (co)homology of simplicial spaces and a generalization of MayerVietoris sequence applied to a certain open cover specified by the simplicial structure. In [15] the spectral sequence is applied to equivariant twisted K-homology. Here we shall describe this argument by adapting the spectral sequence to equivariant twisted K-theory which involves nothing other than reversing the arrows of the differentials.
Fix a maximal torus T and a positive root system. Let ∆ ⊂ t be the Weyl alcove with respect to the above choices. We label the vertices of ∆ by the index set {0, 1, · · · , n}, where n = rank K. Let I ⊆ {0, 1, · · · , n}. Let ∆ I be the subsimplex spanned by the vertices with labels in I. Then K admits the following simplicial description
where K I is the stabilizer subgroup of the elements in ∆ I and ∼ is the equivalence relation
for J ⊆ I and the inclusion map ι : ∆ J → ∆ I . One can construct τ K K by the simplicial approach which is the 'slow paced' version of the path space construction ( [15, §3] ). Briefly, the U(1)-central extension K I of K I can be constructed using the basic inner product on k. By [15, Lemma 3.6] , there exists a Hilbert space H (which in fact is the basic representation of LK) which is unitary representations of K I such that the central circle acts with weight −1 and the representation of K J restricts to that of
With the simplicial descriptions of both K and the twist τ K K , we can apply Segal's spectral sequence to K *
and R( K I ) k is the representation group of representations of K I such that the central circle acts with weight −k. The whole E 1 -page is the following sequence of R(K)-modules
with the differential ∂ p being the alternating sum of 'twisted' restriction maps
The homology of the sequence vanishes except at the last slot, which is isomorphic to
As mentioned at the beginning of this section, the Segal's spectral sequence is equivalent to the generalized Mayer-Vietoris sequence applied to an open cover specified by the simplicial structure: If p : K → ∆ is the map taking a group element k to the representative in ∆ of the conjugacy class of k, and V i := ∆ \ ∆ 1,2,··· , i,··· ,n is the star of the vertex labelled i, i.e. the union of open subsimplices whose closure contain that vertex, then {p
is the open cover associated to the simplicial structure of K. It has the properties that 
Proof. Consider the assembly maps below with the restricted coefficient G-C * -algebras.
The vertical maps above are induced by further restriction from O i to C and they are isomorphisms as O i is assumed to deformation retract to C. Furthermore the above diagram is commutative as the assembly map is functorial. We shall show that the bottom horizontal map of the above diagram is an isomorphism and hence so is the top map. Let H be the stabilizer subgroup of an element g in C. Then we have another diagram
The bottom map of Diagram (3) (3) is commutative and the two vertical maps are isomorphisms to establish that the top map (which is the bottom map of Diagram (2)) is indeed an isomorphism. The commutativity of the diagram is due to the fact that the element [p] ∈ K 0 (C 0 (G/K) ⋊ G) used to define the BaumConnes map for G-action as in the beginning of Section 2.1 restricts to the corresponding
used to define the Baum-Connes map for H-action. The right vertical map is an isomorphism because by the slow-paced version of the path group construction of τ Proof. For a real semisimple linear algebraic group G, consider the characters of its fundamental representations χ 1 , χ 2 , · · · , χ n (for a real semisimple Lie group which is not complex, we define its fundamental representations to be the restriction of those of the complexification of the Lie group). We have the Steinberg map
which is conjugation invariant. A useful example to bear in mind is G = SL(n + 1, C), where the Steinberg map sends g to the elementary symmetric polynomials of the eigenvalues of g. The key property of the Steinberg map which enables us to find a desired open cover is that each fiber of the map is a union of conjugacy classes, among which there is only one conjugacy class that is semisimple, and that the whole fiber deformation retracts equivariantly to this semisimple conjugacy class. Note that any fiber which is the most generic is itself one semisimple conjugacy class. In the case of G = SL(n + 1, C) such a fiber consists of matrices with the same list of distinct eigenvalues. In fact the diffeomorphism types of fibers of the Steinberg map (there are finitely many of them) can be partially ordered by genericity, and determined by their images under the Steinberg map. For example, when G = SL(n + 1, C) the diffeomorphism type of a fiber depends on the multiplicities of the eigenvalues of the matrices in that fiber, and a fiber with smaller multiplicities of eigenvalues is more generic. When G = SL(n + 1, R) the diffeomorphism type also depends on the number of conjugate pairs in the list of eigenvalues, in addition to multiplicities. In general, the image of the fibers of the same diffeomorphism type is a real semialgebraic set in C n viewed as R 2n , which by definition is a finite union of sets of the form
where * can be equality or inequalities ('>', '<', '≤', '≥' or ' ='). Let V 1 , · · · , V n be the real semialgebraic sets, each of which is the image of the union of fibers of one diffeomorphism type. Then {V i } n i can be partially ordered by genericity, and gives a stratification of St(G) in that 
is a desired open cover. Observe that the intersection i∈I Φ(Star(v i )) deformation retracts to Φ i∈I v i |I| by linear homotopy from i∈I Star(v i ) to the point i∈I v i |I| in barycentric coordinates. It the gives rise to an equivariant deformation retract from i∈I St
, because for time 0 < t ≤ 1, the deformation retract preserves the diffeomorphism types of fibers and as t tends to 0, it collapses more generic fibers to the least generic fiber St
. Now we can further deformation retract equivariantly the fiber to the unique semisimple conjugacy class it contains. This completes the proof. (1) If G is a connected real semisimple linear group with K being simplyconnected, then both the Baum-Connes map
and the Connes-Kasparov map
Proof.
(1) This is a consequence of Propositions 2.1 and 2.2. (2) The Poincaré duality asserts that
As K is a deformation retract of G K-equivariantly as explained in the beginning of Section 2,
. By the Green-Julg Theorem, we have that If r = ±2, Tr −1 (r) is a conjugacy class in SL(2, C) diffeomorphic to SL(2, C)/A where A is the subgroup of diagonal matrices. If r = 2 or −2, then Tr −1 (r) consists of two conjugacy classes: the identity I 2 (respectively −I 2 ) and the unipotent conjugacy class (respectively the negative of the unipotent conjugacy class). Note that
is a complex affine quadric surface V ((a ± 1) 2 + bc) ⊂ C 3 which is singular at the point (a, b, c) = (±1, 0, 0) representing ±I 2 . By the transformation a = x ± 1, b = y + z, c = y − z, we see that the quadric is isomorphic to V (x 2 + y 2 − z 2 ), which is equivariantly contractible to the singular point. Let U 0 = {z|Re z > −1} and U 1 = {z|Re z < 1}, O i = Tr −1 (U i ), i = 0, 1. Then O 0 and O 1 are invariant under the conjugation action and deformation retract equivariantly to Tr −1 (±2) and hence to ±I 2 respectively. Similarly, O 0 ∩ O 1 , being a trivial fiber bundle over the contractible intersection U 0 ∩ U 1 with each fiber diffeomorphic to SL(2, C)/A, deformation retracts equivariantly to any conjugacy class Tr −1 (r) where r ∈ U 0 ∩ U 1 . Thus the open cover satisfies the conditions in Proposition 2.1, and both the Baum-Connes and Connes-Kasparov conjectures with coefficient Γ 0 (τ G G ) hold for SL(2, C).
Example 2.5. For G = SL(2, R), there is a similar analysis of its conjugacy classes using the trace map and an analogous construction of an open cover satisfying the conditions in Proposition 2.1, though the arrangement of the conjugacy classes is more complicated than that of SL(2, C) due to the fact that the ground field R is not algebraically closed. When r > 2 or r < −2, Tr −1 (r) is a conjugacy class diffeomorphic to SL(2, R)/A, where A is the subgroup of diagonal matrices. When −2 < r < 2, Tr −1 (r) is a conjugacy class diffeomorphic to SL(2, R)/K, where K = SO(2). For r = ±2, Tr −1 (r) consists of three conjugacy classes:
where the singular point corresponds to ±I 2 and the two connected components of the complement of the singular point corresponds to the two other conjugacy classes. Thus Tr −1 (r) deformation retracts equivariantly to ±I 2 . Take U 0 = {r|r > −1}, 
We will abbreviate the above cycle as [C µ ]. Recall that the Pontryagin product of K
, which corresponds to the fusion product of the Verlinde algebra through the Freed-HopkinsTeleman Theorem, is induced by the group multiplication of K. In terms of geometric cycles, the Pontryagin product is given by
It is well-known that the structure constant is nonnegative. By the Freed-Hopkins-Teleman Theorem, we have that
The multiplicative Horn's Problem, which asks for possible eigenvalues of product of two unitary matrices with given eigenvalues, is known to admit a solution involving the quantum cohomology of Grassmannians ( [3] ), which in turn is isomorphic to the Verlinde algebra when the quantum variable is specialized to 1 ( [25] ). The above interpretation of the Pontryagin product in terms of geometric cycles and the Freed-Hopkins-Teleman Theorem gives an alternative explanation why the multiplicative Horn's Problem involves the Verlinde algebra.
2.4. K-theory of reduced group C * -algebras. In this section, we let G be a real reductive linear Lie group. We would like to give a brief review of the results in [23] and [5] on the K-theory of C * r G, which reflects the tempered representations of G. The classification of the latter by parabolic induction can be found in [13] . We also give an explicit description of the map K Using the abelian Lie subalgebra a one can define a root space decomposition of g:
With a choice of positive roots, let
and N the analytic subgroup of G with Lie algebra n.
Definition 2.7. The cuspidal parabolic subgroup of G associated to h and ∆ + a * is defined to be P := MAN.
Let T be a maximal torus of K. Note that t ∩ m is a Cartan subalgebra of m and so M admits discrete series or limits of discrete series.
Theorem 2.8 ( [13] , Theorem 14.76). Every irreducible tempered representation π of G can be obtained by induction from a cuspidal parabolic subgroup P = MAN as π σ,ν := Ind G P (σ ⊗ e iν ⊗ 1) where σ ∈ M ds or a limit of discrete series, and ν ∈ a * .
Definition 2.9.
Since N K (a) < N K (M), W also acts on M by conjugation and thus also on M ds . Let W σ := {w ∈ W |wσ = σ}. Let the unitary intertwining operator
be defined as in [13, Theorem 7.22 ].
Definition 2.10.
Theorem 2.11. Let G be a real reductive linear Lie group.
(1) [5, Proposition 6.7] Let E σ → a * be the G-Hilbert space bundle whose fiber at ν is Ind G P (σ ⊗ e iν ⊗ 1). Then we have the isomorphism
Wσ where the first sum is taken over conjugacy classes of cuspidal parabolic subgroups P and the second over representatives of W -orbits of discrete series reprsentations. The isomorphism is realized by the map
The above C * -algebras are Morita equivalent to
We have that
Z and K dim G/K+1 (C * r (G)) = 0. Moreover, the Connes-Kasparov Conjecture is true, i.e. the Dirac induction map
is an isomorphism.
The Connes-Kasparov conjecture, which asserts that the Dirac induction
with / ∂ G/K ⊗ V µ acting on the space of sections L 2 (G/K, G × K (S ⊗ V µ )). Here S is a Krepresentation induced by the homomorphism K → Spin(p) which is a lifting of the adjoint representation K → SO(p), followed by the the spin representation Spin(p) → End(S). The Connes-Kasparov conjecture is proved in [23] in the case of connected real reductive linear Lie groups.
Example 2.12 ( [17] ). When G is a complex connected semisimple Lie group, there is only one conjugacy class of cuspidal parabolic subgroups, and we can take M to be a maximal torus of K, a = im, and W the Weyl group of K. By [17, Proposition 4.1], C * r G is Morita equivalent to C 0 ( M × a * /W ) which indeed is Morita equivalent to
by Theorem 2.11 (2) (here R σ = 1 for all σ). The summand C 0 (a * /W σ ) contributes a copy of Z to K • (C * r G) if and only if W σ = 1, i.e. σ is a regular weight. By fixing a set of dominant weights Λ * + (K) in M and picking from Λ * + (K) representatives of the W -orbits of M , we see that those σ is of the form σ = µ + ρ for µ a dominant weight and ρ the half sum of the positive roots of K. We may view K • (C * r G) as the free abelian group generated by regular dominant weights. By [17, Section 5] , one can decompose
viewed as a Hilbert space bundle over M × a * /W , where H σ,ν is the underlying Hilbert space for π σ,ν . Then / ∂ G/K ⊗ V µ acts as Id ⊗ ϕ(σ, ν, µ) for some ϕ(σ, ν, µ) ∈ End((H σ,ν ⊗ S ⊗ V µ ) K ). We then have that and the correspondence (5) represent the same KK-class for the following reason. Note that
